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Abstract

‘1’llis l)al)cr  ]Jrcscllts  tljc illll)lclllcllt:itic)ll  of a Ilcw class of Illassivcly  lmralld algorithlns for
,solvi]lg cmtaill killlc-clcl>c:I1cl[!llt partial  [Iiffmclltial  equations (P DF,s) olI Inassivcly  parallel
;Sll])cl’coll  l])lltcrs. Sltcll I’DEs  are usuallj’ sill-lulatcd lmmcrically, by discrctizaticm  in time
and s] )Eic.c,  al]d by :il)~)lyillg  a tilnc ste~)l)illg  l)roccdurc  to data Mlcl algorithms potentially
;[)arallclizd  ill the spatial donlaill. ]n a radical dcIArture  from SUC1]  a strictly sequential
I:c]lll  )oIa) l)al,ac]igln,  We l]a~~c  C]CVCIOpUl  a collcc~)t  c)f tjmc-l)arallel algoritlmls, which allows
lJ1lc ll-larcllil]g ir time to be flllly  lmrallclizecl. ‘1’llis is acllicwcxl  by using a set of trallsfor-
I ]latic)lls  l.)ascd  01] [:igcll~’alllc-  cigcllvcctc}l’  clec{)llll>c~sitiolls  of tile lnatrices illvolvcd in t)lc
disclrtc  f[)~lllali!jlll.  our tilnc-l)arallcl algorit,lllns  lmsscs a highly dccouJ)leCl  structure, and
call tllcrcfol”c  be Cfficimltlj’  ilnplcl]lcntccl on cvncrgillg,  massively  parallc], lligll-l>crfc)rxllfl]lce
:;l~l)crcc)]lll)~ltcls,  with a lnillilnun~ of coll~lll~lllic.atio~~s mld sy~lc.hroliization  ovcrllead, Wc
llavc successfully carried  out,  a Ijlc)of-c)f-c{)llccl>t  dcm]ollstratioll  of tile basic iclcas using a
t~vc)-clilllcllsic)lla[  ll~i~t cquatioll  cxaml)le illll)lmnmted 011 tl~c I1~tcl  ‘i’oucllstollc  Ddta SUpCr-
Com])utcr.  our results illdicatc  that lillcar, a]~(l eve)]  slll)crlixlear  s~)ccclup  call 1x2 acllicvd
:i]Jd IIlailltaillcd  for a very large llm]ll )CV’ of l)rocessor nodes.

1. introduction

f\ large variety of l~llysical  l)llmlonleuzi  call I)c dcscribcd  by lllcans  of Partial Diflmlltia]
IIquatimls  (l’Dl+k) [l]. F’or Inost  l)lactical  al)l)licatiolls,  all allalytical solution dots ]lot ex-
ist.  Ilellcc,  Ilulllcrical  soluticn)s  of SUCII equatio]ls  arc usually cc)llsidcxd.  FXWIn  such a
1 lrrsl)cc.tive,  tllc’ devclc)l)lncnt  of fast and accllratc a]goritlllns has bce]l cxtcxlsivdy  studied
ill tllc literature. Iieccnt  advallc.cs  in lnassivc]y  lmralld  IMIrdwarc  architectures arc lligll-
liglltil)g tllc IIedi fol additic)llal  adva)lccs  ill this area. S~mc.ific.ally,  ill order to fully cxplc)it
tllc collll)utillg  pol;~cr  of tllcsc Ilcnv arcllitectllrcs , cxistil)g algorit}lms lnust bc rccxalni)lcd
l):isml  oil tllcir  cfficicllcy  for l)arallel il~ll~l(’lllel)tz(ti~]ll and, cvclltually, lIcw a]goritllms lnust
lJ(’ (Icvcl{q)d  that, from tllc c)jlset,  talic a ~rcatcr advantage  of tllc Inassivc ~)arallelisln.



‘J’llc IIltc’1 lklta,  JIltcl  Pa ragon , aIld ~I{AY ‘1’31) arc rcprcscxltatives  of an m]ergil}g  class
of Illassivc]y  lm:rallel  hlIM1) zllcllitcct~llcs. ‘llllc lllai]l feature of this class of paralld  archi-
kcturcs  is tl}at they plovidc a large Ilulllbcr  of very ~~owcrful  lioc{c ~Jlwccmcm  with vector
l)roccssi]l?;  ca1)ability5  but ])OSSCXS  a rat,ller  sillll)le  cc)llllll[llliczitioxi  structure (e.g., a toroic{al
Illcsll  structure for tllc Delta). Alom im]mtalitly,  these arc.llitccturcs  allow exploitation of
IC.O]lC.UrlC]lCy at t~iw cc)llll)lltl?~tic)ll?il  levds. ‘1’llat is, ill addition to tllc MIML) ~mrallel  com-
:[Jutillg  feature, t}lc vcctcw  ~)mccssillp;  cal)ahility of each ~)roccssor  nocle  can k cxploitd
to furtllcr i)icrmsc  tllc overall sl)ceclul~  ill tllc collll)utatioll. Thus, the design of ~)arallcl
algoritlllns fol” such arc.llitccturm  In[lst res[llt  ill IJroccsscx  that arc Ccmrsc grail],  call be
cffic,iclltly  vcctorimd,  a~lcl  Icquirc  a IIlillill]ulll of ccJllllllllxlicatic)lls$

l]] this l)al)cr,  wc ~)rcmllt tile illll)lclllclltatioll of a new class of algorithms for solving a
lillcar  ~mralmlic cquatioll  (in a bolll~dcd  dcnnain  0, w i th  bounclary M)) oll a massivdy
])al’alkl sll])eIcc)lllI)  lltcr, W’ithout  10ss of gcllcrality,  wc lilnit ourselves to a hoInogcnecms,

i,~~~c)-clilllcl~siollt~l  case with Diriclllct boundary  conditimls. ‘1’lleorctical  cxtcnsio]ls  to higllcr
(Iilllcllsiolls,  llc)]]lic)]])c)gc]lcc)lls,  sl)acc’  del)mlclcllt  cocfficicnts,  allcl cliffcnwllt  boundary ccnlcli -
lliolls  arc disc[lsd  cdscw~llclc[2].

For  tllc:  tw’c)-clilllcllsic)ll:il  case u]ldc.r  c{)llsi<lcratiollj  we take  tllc dcnnain  to be a square of.
]Cllgtll  1,, i.e.,  (1 < r <1, al]cl O < y <1,. }Icllcc, tllc parabolic PD13 of illtcrcst is given as

‘1’llc l)crtaillillg  ‘t)oullclary and initial conditions are spccificxl  as follows:

(I)

Slll)clillll)c)sillg  a uniform gricl 0]] tllc
z x llV, 1 < z < AT, al]cl asslllllillg

Aj :. ~y L // =- ]J/(~T  + 1 ), will l“~s~]lt  ill d i s c r e t e  \~alIIcs, 2J$j) wllicll  a~~~)roxilnat,c tile
col~tilluc)lls  values v(k A~, jll, ih). II] tl]e  sequd,  tllc grid points values of v will be rcfcrrcd
t[) eitllcr ill tC’lllll  S O f  tll~ 111 X Ar lll{lt~iX  ‘t)~j, o r  ill tcrlns o f  tile N2 vcctc)r z~~, wlIcrc

(= (;-- I) XN.4 j,ml[l  1 <i, j<N.

Tllc discreti7fatioll  of }’kl.( 1 ) ill I.)c)tll  tilllc and s]>ace using tllc al.)ol’c  unifcmm  gricl  yields a

fal]lily  of IluIIIcrical  scl]cuncs,  forl11ali7d  as:

[1+ qwM]lJ~+-’l = [1 - 2(1 - p)mq,![’1  - 26[/wf~”t  ‘~ -1 ( 1  -  p)w] o<k <A’(3)
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In EC].(3), 1 dcllotes tllc N* x AT2 iclmltity matrix, J =- A~/2h2,  whcm At is the magnitude of
L1lC tilnc sf,cp, allcl ~{ =, ij/Af. ‘1’}lc AT2 x Ar2 Illat,lix &f arises from the discrdization  of t~lc
Sccol]cl  order spatial dcrilwti~’cs. l~y using a five lmint cmltral diffcrcncing  scllcvnc,  J!f will
I.)e block tl”idiagollal,  given as Af =- T’ridia{]\l,  A, 1], wllcrc A == Trzdiagg[l, - 4, 1] ( V?N ‘N.
‘1’lic .Nz v e c t o r  1~ illcorl)oratcs  tllc tlilnc del)mldcllt  Loulic]ary  cc)llclitic)ns,  a]lcl has  tile
t:xj)licit  fc)rlll:

1~ == [1)1,0  -1 ?)o,I  , V0,2, . . . . 1~0,  N- 1,1~0,  N -t vI,A~-I  I,

o‘LIilo,  ,. -., o, V~, N+], ‘j?si<l v-1—. (4)

VN,O + ~N+ ],]> vN+ 1,2) “ “ “ > vN+],  N--l,  ~) N+l,  hl + VN,  N+ I]y’

1~’i]la]ly,  tllc co]lstant /3 dctcrlnillcs  the ilnl)licit  degrm of the mcthocl.  T h r e w  clistillct
rcgi]ncx  call bc? ccnlsidmd  in tcmns c)f /3:

2- ]Illl)]icit  Inctllc)cl,  ,13 =- 1 ; a]]d F,(1.  (3) bCCOlll CS:

(1 -{ 2&M)v[~+ II = ,,[~1 . ~,$V[k+  1] o<k <I{ (6)-

3- {~lalll<-Nicllc)lsc)ll  ((;-N) Illetllod,  P = 1 /2; in this case  Eq. (3) call be written as:

(1 -i 4A4)u[k+ ‘1 .: (1 - /iA@kl - ii(V[k+ ‘1 -I V[kl) ()<k <I{ (7)

~~~c! wil] fc)cus OIUI’  discussicm  C}lI tllc (;-N Il”lc’tllc)c],  w i th  tllc Ullclc!rstanding  that the par-
:Lllcl algoritllllls ~)rcsclltcd  ill tlic scqllcl  arc, ill ~)lillcil)lc,  al)~dicablc  to all tllrce  mctllc)ds.
Equatimls (57) rcpmmlt  tllc ]narc])illg  ill tilne proccclurc!  for solving Eel. ( 1). From a
cc)llll)lltzl.tic)l~al  lmint c)f vicxv the l)rc)hlcvn is Lotll time and space dcpmdcmt.  Tllrcmghcmt
tliis ~mlwx, the: tcmn space parallel  is used for algcnithms  that only cxplc)it ~xmallclisln in
solvil]g Eqs. (5-7) at each time step, while  tllc tcrln  time parallel refers to algc)rithlns that
cxl)loit l)arallclism in the collc.urrcxlt  colll~)llti~tic)ll  of all vectors v[kl.

‘1’l]c:  fc)rll]alisnl  of Eqs.  (5-7) al)~)cars  to ilnply a strict scx~uclltiality c)f the computation in
tilllc.  Ill rcccllt years, a lllllnl>el of ~)aladigllls nave 1.)ccII  ~)rc)l)c)sd ill an attclllpt tc) achicwc
SO]]lC level  of tilnc ~mrallclisln. q’c) date, oll]y linlitccl success  has hcc]J rcportd[3-8].  Ix~
a ]Icw dc!v(’kqmlc!nt,  IIOWCV(.!  I’, wc llavc l)] csclltd[9]  a concept of tilnc parallel algorithlns,
wllicll  allows tllc marching ill tillle  l)rc)ccdllrc  to l.)c fully parallc’lizccl.  This is achicvccl  by
diagcmalizillg  F,qs.  (5-7)  tlllc)ugll a tr:lllsfc)llll:itic)ll  bad ul)c)ll tllc cige?ll]alllc-cigc?lvccior
~icc:07rl]jc~sit.io71  (EE1)) c)f the matrices illducd l)y tlie cliscmtization.  Thus, Eqs.  (5-7) can
lx: ICCIUCCC}  to a set  c)f First Order I,ilicar  llcc.uIrcIlccs (1<’OLRS),  w]lich allcnvs tllc solutic)ll
for al] tilnc stcq)s to k computed cc)llc.llrl(:lltl~~. ‘1’l]c resulting time l)aralld  algcmitlhlns have
a lligl~ly  dccoul)lcd  strut.tum and c.aII, tlicmfow,  CaII be efficiently iIn]Jlcmclltccl  cm emerging
]nassiwly  ]mralld NIIMI) arcllitc’cturcs  w’itl] I]]i]linlllnl  Cc)llllllllllic:itic)l]  ancl syIlcllrc)]lizatic)ll
Owrllcads.
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‘This lmpc!r  is organized as follcnvs. The concept of time ~mrallel  algorithms, as a~~plicd
to tllc solution of Eq. (1), is described in Section 2. T}]c best kllowll  serial algorithln
is addrcxsed  in Scctioll 3. Tllc s~)ccific heat ccluaticml which is usccl as all illustrative
fralllmvork  for  I.)mlclllnarkilig  tllc l)rolmscd formalis]u, is l)rescmtcd  ill Sccticnl  4. Tllc
:msults  of our Ilulncrica]  simulatio]ls  cm the Intel ‘1’m]chstollc Iklta  su]xuwmputer  are
,rj~,~l~  ill S~ctjoIj  ~. }~jll:t]ly,  smnc collcluclillg  reIna I’k S all! I1l?ICIC  ill Scctioxl  6.,m

2. ‘]’imc  l’arallcl  A l g o r i t h m  I)cscri])tion

‘1’llc time ~mrallcl  algcmithm  wc propcm  recluircs  the clerivaticm of tile EH3D c)f the matrix
.h4. 7’IIC followi).lg  tllcmem (for l)roof  scc e.g.,  [IO], 1)349 ) is used ill tile sequel:

‘1’llc!orclll  1. I’)LC EED of an N x AJ Sym?nctric, iridiagonal  7bcplitz  m a t r i x  + Z- Tridiag
[1), a, L] is .qivcll b?y

~, =- g~g. (8)

‘1’lIC lows cjf tllc Illatrix 6 correspond to the norlnaliz,cd  cigcnvcctc)rs  of tllc Inatrix ~), with
clclllcllts givcll l~y:

(9)

T1lC IV X AT cliagolla]  Inatrix A involves  tllc set, of cigcnlvalucs of the matrix  2/~, w i th  the
‘~/L  ~~jag~~~ia]  cl~lllcllt  give]]  ~)J’:Va]ucs  of the 2

(lo)

Hcm wc call llotc that @ is tllc c)lle-clilllclxlsic)ll:ll  Discmtc  Sillc Transfcmn  (DSrl’)  olmator.
IIe]lcc, it is a syllllllctric, ortllolkorn~al  lnatrix, i.e., 6’ = 23T = k 1.

Now, let us clcfin.c a N2 x N2 block diagonal lllatrix  0 L IXog[tl, f),... , 0]. k’urt]lcrmorc,  wc
collsiclcr tllc N* x N* l~crlrluta.ticm  Illatrix 1’, wllicll  arises in Z-dilncnsicnla]  Discrete Fourier

Txansforl  1“1s . ‘1’hc cfkt of applying 1) tc) tl~c AT2 ~’cct,or  with elements VI is equivalent to
t,rallsl)osillg  tllc Ar x  AT II]atlix wit]] ~l~ll]cllts t~ij . Sillcc bc)t]l  lnatriccs 6) 2211c1 1) arc
syllllnetric allcl ortllogollal,  wc llavc @ = 6)7’ =- E)””  ] and 1> = 1}7’ =7 P–l .

‘Irhcorcm  2. The TrLatriz  A! }LCLS a?t 1;)11> Oj th c form:

Af = 01’6).461’6) (11)

where, A is u A72 x AT* dia~onal m.atliz. T}LC V[L[UC  Of C(lC}L Cl CT[LC7tt,  i. c., At, iS c o m p u t e d
a ccofrling  to:

11( =- -4-1 2(’os(-,,,’; ~ ) -1 2CC)S(-  ~n )N-Il
(lQ)
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I’~OOf. I?rc)ln  ‘1’llcc)rcll] 1 ancl tllc ddinitiol]  c)f 6, wc can scc t h a t  t h e  ]natrix M caIl  bc

ex])l’css[’cl as

M: (I-)?/E) (13)

ill wllicll I] is a AT2 x AT2 blc)ck  tridiagc~llal matrix, givexl  as q == T7zdiag[l,  AA, l]. IIcm AA
is itself a diagolla]  lnatrix of tllc cigmvalucs  of matrix A (see dcfillitioll of M). Sillc,c tllc
I)lock  clclllellts c)f ?} are (Iiagollal,  it call k reduced tc) a block cliagc)llal  Inatrix  as:

7/ ~= PP7]PI’  = P(P?/P)l’  = PQP (14C2)

.
‘Wllcv’c tllc j~” ellclllellt of ]natrix ,\~ is gil’cll I.)y

Dy sul.)stitl~tillg  k~qs.  ( 14) into I{; q. (13) tllc dcsirccl EI’;I) of tllc matrix A4, 13c~. (1 1), is
<J1.)taillecl.

‘1’llc definitions of El a]ld P illlply tl]at tile ]natrix

is also syllllnctric  and orthollc)rlnal,  i.e., q) ,  q)~’ z @-1. Note  that @ is the cqmrator  of
tllc 2-dill)  mlsiollal sillc trallsfcmll.

o u r  tillle  l)arallel algc)ritllln  is dcri~d  I)y sul)stitutillg l“;qs. (14) aIld (15) illtc~ tllc (;-N
SC1lCX1lCJ  of I<kl. (’7). After some rc-arrallp;clncl  lt, OIIC obtains:

Jflc ,)ow ~]efi, ~~
f) ,. q)?) (170)

p ,- @\/’ (17/))

:illd, Il]ultil)l.yillp;  I>ot,ll sides of F~cl. (16) l)y tl]c IIollsillgular  IIlatrix @, wc ol)taill  tllc cli -
agolizcd forln of Eq. (7):
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Furtllcrlnorc,  w~e introduce tllc AT2 x ATZ cliagollal  xnatrix D, with elements

and ddill(’

(19C1)

( 19b)

l{ecallillg  tllc oltllc)ll[)rllltllity  of @, i.e., @ =. 0-1, a]]d su].)stitutillg  13qs. (17) and (19) into
Rq. ( 1 S), wc obtain the rccmmncc:

wllicl] rel)rcscnts  a first order illllc)ll~c~gcl~c~c)lls  lit~car systeln. Nc)tc  that with 0(1{) ~)Io-
Cmsors,  all vmtors (lk] call be Coll]l)utccl in a fully clccou~)led  fashion ilk a tilnc of O(l).
‘1’lle li]lear  rccurre]lcc  in Eq. (20) call tllcli I)c SOII’CXI  ill O(logzl{)  by using citllcr a cyclic
reduction algcwithln[l  1] 01 a rccursil’e dolll)]illg  tt’clllliqllc[12].

Furtllcmnorc, if onc assu]nes llon]ogcllolls l. KnlIlclary  conclitiom (i.c,, j == O ) ,  tllc above
cqllaf)ioll  m’ill further rcdllcc  to:

fi[~l ,, ~)~$~1 (22)

It slloulcl  be Clllpllasizccl  that cacll l)mcc’ssor  k call collll)lltc its cnvll C.orrcxl)c)lldillg  powcx
(:lf l) ill a time of O(logzk)  wit,llout  cc)llllllllllicatic)ll  (Ilsillg,  cog.,  a]gorit}lms  ill [1 3]).

As a sill~~)le illustratlioll,  wc IIolv su]lllna]izc  tllc tilllc ~)aIallcl  algoritllln  for cmlstant l> OullCl-

ary collclittiolls. On eacl I l~roccssil~g  I1OCIC:

o ~’rallsform  tllc initial conditions  I’cctol.,  i.e.,  collll)utlc

fi[o] , q) ~,lol

This step call I.)c  accoml)lisllcd  ill 0( A’2/CJg2Ar)  ll~~~ltil)ly-ac,c~llll~llates,  using fast traxls-
forll”]s.

‘Ikl  Ilsing I;q. (?2),  ~vitll  a co]lll)lmity  c)f 0(AT2) ~)cr tin)c s t e p ,o c:alculatc’  [la Ch \K’ctol’  1)
k;
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“[k],  to Ol)taill  v[klo Alqdy  al] illVCTX! trallsfcmll  to the! vector Z)

‘1’llis step call be accoln~)lisl)cxl  ill 0( AT210gLA~) lll~lltil)ly-acc~lllllllatcs  for each tilllc
st,cl~  lo I)y Ilsillg fast trallSfOlll”lS.

Tllc  overall cc)In ~mtatio]lal  colnIllcxity of tllc tillle-~mrallcl  algoritlllll 011 a silkglc  ~)roccssor
lnacllinci  is thclcforc  0( KJY210g2N). Ikcausc c)f tllc inllcrcnt,ly  dcx.cmj)lcd  structure c)f

IiN210  .
(mr algorithm, this complexity scales as 0( -—- &N ) cm a systcm involving Np IJrOCCSSOr

P
]Io(lc%.

3. IIest, Serial Algorithm

111 order tc) dctcmninc the “best” scria] algorit]m  for tllc l)roblem under consideration, WC
Inakc  tllc fc)llowillg  c)l.)scrvatioljs. ‘1’llc cocfficimlt  Inatriccs  in Eqs. (5-7) llavc a symmetric,
l)c)siti\~f;-clcfillitc, all[l S])al’sc Stl’ucturc. ‘1’his allows tile usc of rather gellcric iterative
lllCtllC)CIS  SLICI1 aS SO I{, CC)lljll~,?lt  C ~l’a(li Ctllt, etc. [1 4], fc)r solving tllc linear  systmns,  h[c)re
inll)cmtantly,  llcnvcwer, wc also IIote  that tllcse ll]atriccs  llavc similar structures to tllcxw
arisiug  ill tllc soluticnl  c)f tl~c l’oissoll  cquatiml. 111 t]lat Sellsc,  Eqs. (5-7) r e p r e s e n t  a

SCCIUC!l  ICC C)f l’C)i SSC)ll ecluatiol~s. TIJC!l’CfCM’C,  t!lle so C’allc!d 12’ast  I’Oissc)Il  SOIVCTS  [15] call k
clircctfly  al)~)licd  tc) tllc lillcal systmlls, 1’;(1s. (5-i’), with a greater computational cfficicl]cy
tl)all tllc iterative Inctljc)ds  [1 G]. Ill tllc sequel, W7C suggest -dIl ilnprovcxl  vcrsiox) of tllc
I[latrix (lccc)llll)c~,sitic)])  algorithm c)f [15].

T’llc cc)llll)lltaticlll~ll  cc)lnl)lcxity  c)f such “best serial algc)rithms’) must,  bc mmluatcxl  in a
fralncnvorli  consistmlt  with tile time ~mrallel fcmnalis]n. We note that such algoritlllns are
also based  0]1 tllc dccolnpmit  ion of lnat,  rix N/. IIc)wc\wx’,  this clecc)mpositic)n  is I]ow lilnitcx]
t o  that s})ccificcl in Tl]coxmn  2. Suhstituti]lg Eq. (1 1 ) into tl)e GN schcll)c, 13cl. (7), and
rearrmlgi]lg  tflle tcmns wc c)l.)taill:

lJsillg tllc c)rtlJo~~c)llllality  c)f O and F’, aIId sul)stituting Eel. (24) i)lto Eq. (23), yiclcls

(Jllc call thcul rewrite Flq. (25) as fc)llows:

(1 -{ (SqJ)(i)[~+”ll  + # 1 )  = ~~,[~1 ()<k <J{
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- [~+11 n i)[~+ 11 -i i,l~l, tllc C-N lIletllocl  call  b[! Icmlst  asNow , if OIIC dCfillCS  w

(27)

~,[k-l  1] ,_ ~,[k+ 1] - ~,[k] o<k~l< (2s)

Agail I, let us collsiclcrj  for tile ~)url)osc of silnl)lc  il]llstratioll,  tllc case of cmlstallt  bcmlldary
conditions, ‘1’}1011, tllc I)est  serial algorittlln  call be slllnlnarizcd in t,llc:  followillg tllrcc st,c~)s:

[)

o

0

‘1’ral)sforlll  Iillc vcctc)r  of initial c{nlditiol]s,  i.e.,

~,[ol ~ pol,[o]

‘1’his call I.)c accolnl)lislled at a cost of O(A~zloglAT),  usillg fast transforlns.

[k] I)Y <ol~illg tllc lillcar  systmll  l’:q. (27), allcl ti[kl using Eq. (28);c~alculat!c  the Vc’ctol’  ?1) . . .
rcl)eat  this for all t,illlc  st(q)s,  k = 1.2’, . . . . 1{; tllc systclll  of 0(N2) lil]mr cquatiOl]s
(27) l]as a sylnlnetric tridiagolla]  ‘1’ocq,litz  struct~lre: lICIICC,  it can bc solved ill 0(N2)
Stc])s;

At cacli tilllc step O1lC llccds to outl)llt “tllc  vcct& v [~1, ~~llic]l is obtainccl by applying

~)[~1  ,  ~)])~,[~1 I<k <l{

‘1’llis call I)c accoml)lished ill 0( AT210f~~  AT) at cacll tilnc st,cl) k, by using fast trallsfc)lllls.

T]llls, tllc overall cmnputatiollal  co)]ll  )lcxity  of tllc best scria] algorithm cm a single  pro-
cessor is 0( KAT’2  logz  A; ).

4. The IIeatl }Ilquation

111 order to ~)rovide  a collcrctc  fralllcwork fol assessing tllc l)otclltial of our ~)rc)poscd  a~b

l)roaclI  tc) tiII)c l)artillclislll, \V[’  foclls our attcl)tioll  011 a tktrc)-[lil]lcllsic)llal  }lpat  cc)ll{lllctio]l
l)rol)]cln  Illoclclccl  by a lillcar  ~)al’al)olic  I’I)EII 7 ] . “J’llis  lmoblc]n  has tile aclvmltagc o f
(xllibitillg  both sufIicicllt  cc);lll>lltatic)l~t~l  colll~)lcxity,  and ~)osscssillg  analytical solutic)l~s.
Fllrtllcrnlorc,  it l]as bee]]  1~’idcly used for I)rl)clllllarkillg  of parallel algc)litllllls[  4-8,1 8-20].

‘[’o fix tllc iclcas, collsidcr  tllc case c)f trallsimlt  collcluc.tioll  ill a loxlg  bar llavillg a square
cross scctio]l, c)f t,tlickncss  ~,. ‘1’llc bar is tissu]llcd  to I)c illfillitc ill tllc 2 dircctic)ll,  so that

tllc llcat l)rofi]c w i l l  wa r y  only  ill tjllc 2 aIId  ~j (Iircctiolls. For siInplic.ity,  wc furthcmnorc
tISSUIIIC t,llat,  t)tle  crms swtiollal  tcvnl)cratule, v(t, r, y) is given at tiIne i =. O by

v(t, .T, y) =- si?/(2’/l,  ) . s?71(y/L) (29)
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Whcm!  o  < z <: 1., 0  < y < L. The tclnpcraturc  of tllc tm at the bcmnclarics  is kept-.
collstallt,  i.e. ,

‘J’llus,  Lllc difrm cultia]  cquaticnl to bc solved is:

(31)

wllcuc  tllc cc)llstant  a is the tlkcrmal diffusivity. l’hc initial  kmpcraturc  clistributioll  is
a l)roduct  of two functiona l mcl] of which involves  only OI]C of the inclcpcndent slmcc
varial)les. llcmoc,  using sclmmticm  of varial)les[l  7], the tmnpcraturc distributio~l  iu a cross
scctioll of t,llc  bar CaII  l)c folllld to I)c:

V(f, z,y) =: (’ -2(~/’’)2si ?”?(n  TnIJ)J) . si?)(7ry/L) (32)

‘1’llis allalytica] cxl~rcssioll  will bc used to validate tllc ]Iulncrical  results of tile implcmcm-
tatlioll  of our til(lc  parallel  algoritl]ln  011 tllc IIltel  ‘1’otlcllstollc  l)clta slll)crcc)lll~)lltcr.

5. 1 ]Il]>lc]llclltatioll  l{esults

]11 OIY_]C1’ tO C’V/llU:lt~ tllC l) OtCTltial  OfOUI’1)101)OSU] tilI”lC l)ala]lC!liSlll  p?iradi&Il,  ZI poRT~iAN

collll)utcr  code for solvil]g tllc 2-D heat cquatioll [i .c.,  F,qs. (29-31 )] was written allcl
ilnl)lclllmltcd on the Il]tel Tc)ucllstolle  l)clta. ~’llc nulncric nc)dcs of the Delta arc i8G0
Illicrc)l)rc)ccssc)rs  operating at 40 MHz.  l’hrsc Nodes  arc rated at 80(pcak)  sing]c prccisioll
MFIJO1’S.

lkl. tile actual sill]  ulations, m’c sclrctwl tlic (;lzilll<-Nicllc)lsc)li  SCIICI1lC,  i.e. wc set ~ =- 0.5,
:LIId tissulncd a tllcrlllal  difusivity of O. 1. Tl]c bar tlliclillcss,  1,, was ])artitic)ncd,  ill each
sl)atia]  dilectic)ll~, i]lto  A1 + 1  scglncllts using .N -{ 2 cxluidistallt  gricl ~)oillts. Sillcc the
I)olll]dary  l)oillts  llavc a fixed  t’alue ill this IJml)leln, tllcrc arc only AT2 lattice points at
wllicll  a colll})uttitiol~  is pcrforll~ed. ‘i’l]e sl~atial gri{l size :illd tllc tilnc stc})  size were clloscnl

as // = Al = Ay =- 0.1 and At =.- 10 -’ i reslwctivcly.

111 orclcr to cIIal.)lc  a Inorc  accurate lncasulelnm)t  of tl]c computatio]l  time at each lJrocessor,
all(l to allo~v fbr l){)tclltial  inaccuracicx stelnll-li]lg from tllc Illlmcrical  scl]cmc to acculnulate,
wc rcl)ort results after II” = 5000 tilnc stqm, i .c., 0.5 sccolkd  aftcx mpcrimmlt  start u]).
‘.l’llis llu)nlx’r of time stcl)s was clivided  I)etwcm  tile A’f) ])rocessors  in tllc following lnallner.
Tile ]1” ])1-OCC’SS{)I’  C?llculatcs  the’ /c f)’ tilllc stcl}, mTIIcn-c  k =- l) + ?n x Arl,, O  < 172 < l{/ATI,,
all(l k < A-,
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OH the Delta maclliue, lmocesscm  are allcxmtcd  ill tcmns of a rectangular mesh. In our
illll)lclllclltat,icJ1) , :i square  lmrtiticm  was gmcraily  USMI, in which the numbm of columns
a)ld ro~vs \vas silll~lltallcc)llslcy  varied frolll  1 to 10. For tllc case c)f 120 l)rc)ccssors,  a 10 x 12
11’ctallgular  1110!511 Tvas (Unl)lc)ycd. Each I]ode l)rc)gralu starts by determining its ]icKlc ID
and tllc lIIIIIIl)CI-  of lJloccssors  in tllc I)artitioll. Following tllc iclclltification  ~)roccclurc,  tllc
“first  liodc  (l~ode () ) reac{s,  from tile scrccll, the latt icc size, N, of tllc ~)roblem  to be SOIVCCI,
a]ld broadcasts it to all ot}ler  nc)dcs. At each lIOCIC,  all iclmtical film~ame  is C.cnlstructcxl,
“based U1)OI1 tile lattice size, AT, and tl~c llulnbcr of 11OCICS, Nl,. Tllcm a file w i t h  t h i s
:j])CCifiC  filcllalnc is opcllccl, w}licll  is sllarcxl  bctwwm  all lIoclm,  and LlscCl  for rC!COrClillg tile
initialization alIIcI coml)utatioll  time of each Ilodc, on the lklta machine, four different
:ulocles  am available fcm accessing a file. WC llavc USC(I tllc tllircl  Inc)clc,  wllicll  recluircs  a
fixed record size. EaclI node has its owl] file l)oilitcr and all READ  allcl WRITE opmations
arc ordcrcxl  b-y node ]lun]bcr. HmKI, scttillg;  the xnoclc  allcl closixg the file arc s.yl]cllrc)ncms
olmatiolls.  ‘1’bus, we start tilni]lg  illllncdiatcly  after scttillg tllc xlioclc.

T o  ])1’OCCU1,  tllc values of tllc I)al’allldels  0, /3, A,, 1~ aIIcl 1( arc illitializcd,  tllc i n i t i a l

l,clllpcrature  distribution] and its tIallsfc)llllzltjioll  arc calculatd,  zulcl the values of l); 2L11C1

.1{(, wlIcrc  lIC =. II? (1 ~ C ~ N2 and O ~ p ~ A’l) -- 1 ) arc computed. At this stage
wc clock tile time again and s~~btract it fro]ll tllc starting tilne to c)btain the initidizatioll-

tillle.  ‘1’llis tinlc is a ccnlstallt across all  IIodes, flll~ction  of the spatial rescdutic)Il,  N. It is
lllcasurccl  tc) lm 011 tile average 12, 48, 190, ‘i’5G lnillisccmlck IWr X1OC1C,  fcm AT equal to 15,
3.1, 63, 127 rcsl)cctivcly.

Fol]owillg il)itia;lizatic)  ll, a 110 loo]) is cxcc(ltcd, 011 Ulcll  proccssol. Each loo~) inclcx  rul)s
frcml p to A-, ill increlnclltls  of ATI). First, eacli  l)rc)ccssor  p calculates tile temperature

~“ ti]nc stel) usi]lg Eq.(listlibutioll  of tllc p (22) and tllc D  values  currcultly  ill lnc]nc)ry.
‘1’lJcn, tllc value c)f D at cacll I1OCIC  is ul)datcd ac.cordill,g  to tllc fcmnula

yicldillg  the qualltitim rcquimd fcm coml)uting  tl]e tmllwraturc  at tllc (p -+ A~l, )t” t i m e
Sk]). After ~)roccssi)lg  O(l{/ATl,  ) tilnc stel)s, tlw Iuctisurcd tillles  for illitializatic)ll  atlcl
(c)llll)llt,?itic)ll  are writtcll from Cacll llocle ol}to tllc collllnon file.

‘[’able 1 shcnvs the total (i.e., illitializatiol)  l)llls ccml)utatioll)  time, in millisecollds, fc)r
four diflimllt  cases illvolving;  cliffcrmlt lattice grid sizes. l’llc first row of this table dis~)lays
tllc’ tilne achieved with tile best sclial alp;olitllln  (see scctic)n 3) usixg a sillglc  IIOClC of tllc

Deltla macllille.  The otllcn’ mws prcsclltj the average time pm ncKlc, calculated ac.ccmdilqq to

W]lCYK! T], iS thC t[)tal’ tilllC’ ]X)Sk’d fO1’  l)~C)CCSSO1’ j). ~’]lC S1)WCIU])  (i. e., bst Sclial al~o~ithlll

l)loccssil]g  tilne divided l)y T,,,), ) acllicl’cd  as H fll]lctioll  of tllc IIuInl~cr  of llocles  is dis])layccl

ill lJig. 1.
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As call Ijc SCCI1 from I’ig. 1, CVCI1  fbr a sIIIall grid size of A7 = 1 5 , the tilnc-l)arallel  al-

,goritl)]ll  acllievcs about tmm orders of II)agllitudc  SI)CCCIU1) l)y using 120 processors. Note
tll:lt,  f o r  s]]lall A/, tllcrc is only a lilllitcd slmtial lmrallclisl]~ ill tllc com~)utatioll.  q’llis
is consistmlt  with rel)ortml  results of tllc space-  lmra]lcl solution of this moclcl  })roblcm ill
[18]. lntcresti*@y,  for larger A’, (e.g., N = 127, ) the time-parallel algcmitlm achieves a
superlincar  spmcl up,  i.e. , a S])ccd u]) g’1’cmtc!r tllall tllc!  Ilullll.)c’r of procc%scm. To undc!r-
stalld  this behavior, it is ilnportant to recall tllc fact,  tl}at tllc tilne-  ~)arallel  algorithm
also cvq)loits  a SCCC)ll{l  lCVC1 of ColICurrcllCy,  l.)~ taking adValltagC Of tllC VCCtOr  prOCC!SSiIlg
capability of the nodes of tl)c Delta. Alt~lough  bot}l algorithms have km im~)lcmcntcd
III a straightforward fashion, i.e., by using tllc autcmatic  vcwtmization  capabilities of the
[l~tel  I)clta,  for large  Ar tllc  basic ol)cratiolls of tile time-  l>arallcl  algorit])ln  bccoInc Inorc

suitable for I’cctor l)roccssillg, allcl thus iirc cxccutcd  faster Ly the i860 Iloclcs.  ]n fact, for
]argc AT, tllc til~lc-lJalallcl  algorit,lllll  is colnl)~ltcd  fastcl  C)II a sillglc  i8G(l ~)roccxsor  tllall the
best smial algolitllll], well tlloug]l  it Icqllilcs  a grc:ltcr 1111)]]1.)m of opcratic)lls.

A co)lll)arisoll of our Iesults  lvitll l)otll tllcolrtical  and l)ractical results rcl>ortcd  ill [4-
8,18-20] for tllc sa]lle Inodcl prol.)lcll) clearly  lligllliglits  tllc cfficicvkcy of OLIr tilnc-~)arallcl
(x)ll]l)lltillg  al)l)macll. Our results also CIC’lIIOllStl’iltC  that, cvcll with a limited Ilulnbcr  of
l)loccssors,  it is lnorc Cfficicllt,  to exploit  l)alallclism in time tllaxl ill sl)ace.

5. Conclusions

111 this l)al)cr, wc lJave l>rescmtcd  a lIOVC1 time l)ar{illcl  algoritllln for tllc solution of lillcar
l)aral.)olic  l)artial  diff’crclltia]  cquatiolls. ‘1’lIc 1 msic idea is to LMC a trallsfornlatioll involving
t IIc Cigcllvalllc-ci  p;cllk’cctc)r  (Iccc)llll>c)sitic)ll  of t llc ccwfficicnlt  Illatriccs  inducccl  by the dis-
Clctizatioll  l)rc)crss. ‘J’llc resulting cliagc~llaliz:itic)ll  yields a decoupling c)f t}~e  till~e stepping
SIcl:mllc,  which in turn allows tllc sollltioll  for all tile time steps to Lc coml)utcxl  ill l)arallcl.

At first gla]lcc, it might }lavc secl)]m] that tinlc-parallel algoritlmls COLIIC1  bc more
c’frlciently  al)l)lied to those  ~)roblcllls  for wllicl~ tll(~ allalytica]  Cxl)rcssic)xls  of c:igcllpairs  of
tllc Ccwflicicvlt  Illatriccs  arc kllow’11, and lICIICC 110 collll)lltatic)ll  is Ilccclccl.  lic)wcwm,  o u r
l)rclill]illary a]]alysis c)f tl]c I)crfc)rlrlallcc  of tilll(’-l)zi1al,lcl  algoritll]ns  for tllc solution c)f the
Scl]rodingcr  equation, for wllicll  additional cc)llll)ll[titic)lls  arc rcquimd for derivation of such
cigmllmirs,  al)lxars  tc) clearly ilidicatc tl)c colltrary[2].  ‘1’IIc  result scmns  rather gmlcral and
Sllo\Vs  th~l.t,  ff)r lllost  CasC’s, t}l C ]) C1’f07’7)[(Lll  CC of t,]LC t’i7n C- l)(L~UllCl  CL!gOTa~}L771S  WC ])? O~)OSC,

will  not. be rcduccd  due to t}~c n e e d  of co~l)~~uti?tg  t\Lc cigcn~xlirs, if t?hc latter is pcrfor?ncd
cjficicntl?y.

lick]~o\vlcclg]l~(:]~ts ‘J’lle rcscarcll  dcscril  WC1 ill this lm~mr ~vas performcxl  at the {~cntcr
fol Sl)acc  Microclmtro]lics  ‘1’ccllllology, .Ict I)ropulsion I,abcmatory,  ~alifornia  IIlstitute  o f
Tccl]]lolc)gy.  It was jointly  sl)ollsorcd l.)~’  ll]llo~’ativc Scimlcc  and ‘1’cchllology  Office  of the
IIallistic  Missile L)cfcl~sc  Orgallizatioll,  and l)y tllc National Acrc)nautics  and Space Admin-
istration, of~lcc of Adval]ccd  Gmlcepts  and ~’ccllllology. ‘1’lw su~)~mrt and c.llc.ouragmncllt
of l)r. l)alll Mcssi:la, Direct,  or of tllc collclllrellt,  Slll)clcc)llll)~ltillg  (;c)llscmtium,  is greatly
al)l)lcciatcd.
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I’igure caption

‘1’[iblc  1:  Tc)tal cxccuticm  t,ilnc, ill Inilliscconcls,  for cliffercnlt  Incsh  s i z e

and Illmlbc!r of ])100?ss01s C’ln])lc)yc!cl.
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Fig. 1: S~)cccllllJ  of tllc til]lc-])arallel  algc,ritllm  as function of tllc
]]llmbm’  of IJrocessors  for diffcmvlt  mesh size.
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\, ‘ ‘ “]’ab]e ]: To(a] execu(jon tjn]e, in n]jlliseconds,  for different mesh sizes and number of.
processors employed

—.. ———
Nu”~ Dimension of the M;~h,
Processors 15 31

1 30364 119453
1 31208 118109
4 7811 28642
9 3478 12620

16 1962 7119
25 1260 4574
36 879 3191
49 649 2357
64 500 1816
81 389 1447

100 324 1181
120 272 992— — . . —..

63
473665
429817
107595
47925
27040
17373
12123
8957
6903
5500
4491
3774

127
1898395
1693977
424074
188885
106576
68475
47784
35307
27210
21680
17703
14877


